The bound state spectra of the doublet states in three-electron atomic systems are investigated.
I. INTRODUCTION
In this study we investigate the bound doublet states in the three-electron atoms and ions by using a few different variational expansions written in the relative coordinates, or interparticle distances r ij =| r i − r j |= r ji , where r i (i = 1, 2, 3) are the Cartesian coordinates of the three electrons, while r 4 are the Cartesian coordinates of the positively charged nucleus. Another our goal is to determine the bound state properties of some of these bound (doublet) states and discuss problems arising during this procedure. By calculating these properties we want to correct mistakes which have been made in earlier papers and continue to propagate in the modern scientific literature.
As is well known in the lowest-order approximation upon the fine structure constant
) an arbitrary three-electron atom/ion is described by the non-relativistic Schrödinger equation HΨ = EΨ, where E < 0 and the bound state wave function Ψ has the unit norm.
The non-relativistic Hamiltonian H of the three-electron atom/ion is (see, e.g., [1] ) is the reduced Planck constant, m e is the electron mass and e is the electric charge of an electron. In this equation and everywhere below in this study the subscripts 1, 2, 3 designate the three electrons e − , while the subscript 4 denotes the heavy nucleus with mass M (M ≫ m e ) and positive electric (nuclear) charge Qe. The notations r ij =| r i − r j |= r ji stand for the six interparticle distances (= relative coordinates) defined above. In Eq. (1) and everywhere below in this work we shall assume that (ij) = (ji) = (12), (13) , (14) , (23), (24), (34). Below only atomic unitsh = 1, | e |= 1, m e = 1 are employed. In these units the explicit form of the Hamiltonian H, Eq. (1), is simplified.
For last fifty years (since the paper [2] was published) the problem of highly accurate calculations of the bound states in three-electron atomic systems has attracted a significant attention. A very nice review of the three-electron atomic problem can be found in [3] which also contains all references prior to 1969. A great theoretical interest in three-electron atomic systems can be explained by a number of facts known for such systems. First, threeelectron atomic systems are very convenient objects for the study of the overall and relative contributions of the electron-electron correlations. It follows from the fact that the potential energy in the Hamiltonian, Eq. (1), is represented by two sums each of which contains equal number of terms: electron-nucleus attractions and electron-electron repulsions. Therefore, by varying only one parameter Q in Eq.
(1) we can study electron-electron correlations in such systems and relations between electron-electron and electron-nucleus correlations. Second, all three-electron atoms and ions are well known subjects in atomic physics. On the other hand, the overall accuracy of bound state computations achieved for three-electron atoms and ions is still substantially lower than analogous accuracy known for two-electron atomic systems. Therefore, the development of new, rapidly converging variational expansions and effective, fast computational methods is of paramount importance for the future of highly accurate calculations of three-electron atoms and ions. Third, despite a rapidly increasing stream of computational publications on three-electron atomic systems some fundamental aspects of such systems have not been discussed yet. For instance, the quality of the wave function constructed for an arbitrary Coulomb few-and many-body system can be tested by comparing the computed and expected cusp values, or cusps, for short. However, it appears that neither the electron-nucleus, nor electron-electron cusps were ever determined for three-electron atoms and ions. Another well known problem is related to an incorrect definition of some electron-nucleus and electron-electron properties accepted in quite a few earlier works performed for three-electron atoms and ions. Furthermore, it was found that the expectation values of some bound state properties computed with the use of different variational expansions deviate from each other. In a few cases such deviations are relatively large and may lead to contradictions with the known experimental results.
In our analysis below we re-consider all these problems by performing highly accurate calculations of some bound states in three-electron atomic systems. This work has the following structure. In the next Section we discuss the semi-exponential variational expansion in relative coordinates [4] . This very compact and accurate variational expansion was introduced in [4] . In this study this expansion is applied to determine various bound state properties in the ground 2 2 S−state(s) of the three-electron Li-atom and Be + and B 2+ ions. The computed expectation values include electron-nucleus and electron-electron delta-functions and cusp-values. In Section III we consider a number of bound (doublet) 2 S−states in different three-electron atoms and ions by using another variational expansion of the wave functions.
Here all wave functions are approximated by expansions in six-dimensional gaussoids [5] .
Note that analytical formulas for all matrix elements which arise in variational calculations of arbitrary A−body system in the basis of multi-dimensional gaussoids, where A ≥ 2 is an arbitrary integer, have been derived in the mid-1970's (see [5] and earlier references therein).
Subsequently this variational expansion was successfully applied for bound state computations in many hundreds of nuclear, atomic and molecular systems. In Section III we use this variational expansion to determine the total energies and other bound state properties of some excited states in the Li-atom. The results obtained in Section III can also be used to correct a few mistakes and misprints made in earlier studies of three-electron atomic systems. In Section IV by using the Hylleraas-Configuration Interaction (Hy-CI) and Configuration Ineraction (CI) variational expansions of the wave functions we investigate the general structure of the bound state spectra (or optical spectra, for short) of three-electron (or Li-like) atoms and ions. Section IV also contains a brief discussion of the 'scaling' procedure which can be used to study the electron-electron correlations in three-electron atomic systems. Concluding remarks can be found in the last Section.
II. SEMI-EXPONENTIAL VARIATIONAL EXPANSION
A semi-exponential variational expansion for three-electron wave functions was developed a few years ago [4] in order to modify the traditional Hylleraas variational expansion which has been used for three-electron atomic systems since Larsson's work [2] . Recently it became clear that the Hylleraas variational expansion of the three-electron wave functions has a very slow convergence rate. Our main idea in [4] was to increase the total number of varied, non-linear parameters in each basis function included from the variational expansion.
Finally, we developed a very effective variational expansion for three-electron atoms and ions which can now be used to construct very compact and accurate wave functions for arbitrary three-electron atom and/or ion. For simplicity, below we consider only the doublet 2 2 S(L = 0)−states in the three-electron Li atom and similar Be + and B 2+ ions. By using our semi-exponential variational expansion we determine bound state properties of these three-electron atomic systems. It should be mentioned that some of these properties have never been determined in earlier studies.
The variational wave function of the doublet S(L = 0)−states of the three-electron atom/ion is written in the form
where ψ L=0 (A; {r ij }) and φ L=0 (B; {r ij }) are the two independent spatial parts (also called the radial parts, or radial functions) of the total wave function. Each of these two radial functions is, in fact, a radial factor (for states with L = 0) in front of the corresponding three-electron spin functions χ 1 = αβα − βαα and χ 2 = 2ααβ − βαα − αβα. Here the notations α and β are the one-electron spin-up and spin-down functions, respectively (their definition can be found, e.g., in [6] Note also that when the corresponding radial function has been constructed, then one can use an artifice called the 'doubling' of the wave function (see, e.g., [7] ). This trick is based on the use of the same set of non-linear parameters in the two radial functions in Eq.(2).
Obviously, this is not an optimal choice of the non-linear parameters in the wave function, but in many cases this simple handling leads to a substantial improvement of the answer.
The semi-exponential variational expansion of the radial function ψ L=0 (A; {r ij }) from
Eq. (2) is written in the form calculation of all matrix elements with semi-exponential functions is not a more difficult task than for the traditional Hylleraas radial functions. This also simplifies numerical computations of the bound state properties (i.e. expectation values) in the semi-exponential basis set. In particular, our algorithms used in calculations of all required matrix elements is based on the old Perkins formula for three-electron integrals [8] in relative coordinates.
The explicit symmetrizaton of the wave function upon all permutations of identical particles (electron) is discussed in detail in our earlier works (see, e.g., [4] and references therein).
Note also that all calculations in this work have been performed with the use of standard quadruple precision accuracy (30 decimal digits per computer word). In our calculations we have used variational wave functions for the Li atom, Be + and B 3+ ions with 60 terms. To construct these wave functions we follow the procedure described in detail in [7] .
As mentioned above in this study we consider the doublet 2 2 S(L = 0)−states in the three-electron Li atom and in analogous Be + and B 2+ ions. The corresponding expectation values (or properties) can be found in Table I (in atomic unitsh = 1, e = 1, m e = 1). For most of the properties mentioned in Table I their meaning is clear from the notation used.
Therefore, here we can restrict ourselves to a few following remarks. 
This is the expected (or 'classical') numerical value of the cusp between the electrically charged particles a and b. In general, the cusp is defined by the equation (see, e.g., [9] )
Numerical coincidence of the ν ab and ν ab values is a good test for the overall quality of the wave functions constructed for different atomic and molecular systems.
It should be mentioned that the 'classical' definition of the cusp (or cusp-condition) given by Eq.(5) can be generalized to quantum mechanics in a number of different ways. To explain this let us introduce the following cusp-operator
For the expectation values one finds ν ab = Ψ |ν ab | Ψ . Formally, we can consider the quantity Ψ i |ν ab | Ψ j , where Ψ i and Ψ j are the two different wave functions from the bound state spectrum. The last expression, however, is not symmetric upon the i ↔ j substitution. Such a symmetry can be restored with the following redefinition of the cusp operator, Eq. (6):
where the differential operator with the index '→' acts on its right, while analogous operator with the index '←' acts on its left. The definition of the cusp operator based on Eq. (7) has a number of advantages in applications. In particular, it allows one to obtain more accurate values of the electron-nucleus and electron-electron cusps with the use of relatively short wave functions. In this study to determine the numerical values of all cusps mentioned in this Section we used the cusp operators written in the form of Eq.(7).
III. BASIS OF SIX-DIMENSIONAL GAUSSOIDS
For three-electron atoms and ions there is another variational expansion which can be effective to perform accurate computations of low-lying bound states, e.g., the low-lying bound S(L = 0)− and P (L = 1)−states. The high efficiency of such an expansion for bound state computations is based on very simple and numerically stable formulas for all matrix elements needed in computations of the total energies of these states. This variational expansion was developed in the mid-1970 by Kolesnikov and his group (see, e.g., [5] and references therein). In general, this expansion is also represented in the form of Eq.(2), but only radial functions are represented as linear combinations of the six-dimensional gaussoids, e.g., for ψ L=0 (A; {r ij }) we have Formally, this means that the expectation values determined with the use of multidimensional gaussoids can be used as a one-sided approximation to the actual bound state properties of atomic systems. The procedure works in the following way. By using relatively large numbers of multi-dimensional gaussoids with carefully optimized non-linear parameters α (k) ij in Eq. (8) we can obtain accurate numerical values of the total energies. Then we continue optimization of the non-linear parameters α (k) ij in Eq. (8) . The total energies continue to converge to their limiting values. However, the expectation values of many bound state properties rapidly improve during such an additional optimization. The principal question here is to evaluate the convergence rate of the variational expansion, Eq.(8). In our calculations we have found that the actual convergence rate for the total energies is relatively fast and already for N = 700 − 1000 in Eq. (8) we obtain results which can be considered as accurate, or even highly accurate.
The total energies of the ground 2 2 S(L = 0)− and some excited n 2 S(L = 0)−states (n ≥ 3) in some three-electron atoms and ions can be found in Table II (in atomic units). Tables I and III can be used as a basis for more accurate calculations of bound state properties in the future.
To conclude this Section we note that there is another fundamental question about accurate calculations of bound state properties. In general, the physical meaning of each property is clear only for those few-body systems where any group of particles do not form any closed shells, or cluster structures. Otherwise, the meaning of the computed properties rapidly became unclear when the total number of identical particles increases. For instance, for highly excited 2 S(L = 0)−states in the Li atom (see Tables II and III) one of the three electrons is moving as almost free particle. In old atomic physics such a motion was considered as the pre-dissociation. This means that the electron-nucleus distance for that electron is extremely large in comparison to the analogous distances determined for two other electrons which occupy the closed 1 2 s−shell. To calculate the expectation value r eN we need to sum up all three electron-nucleus distances (two relatively short and one very large r eN distances) and divide the arising sum by three. Finally, we obtain the expectation value r eN which, in fact, gives us no useful information. It is similar to the mean patient temperature measured over the 'whole hospital'. The same is true for other bound state properties, including all electron-nucleus and electron-electron properties. Formally, in such cases we need to assume that some originally identical particles becomes 'less-identical', or even'non-identical' for highly excited states. If such an assumption has been made, then the expectation values of different properties provide us with useful information which has a direct physical sense. However, at this moment we do not have reliable recipes for calculations of such values, since a priori the 'power of non-identity' for the outer most electron is no clear, e.g., in the 4 2 S−, 5 2 S− and 6 2 S−state (see Tables II and III ). The power of 'non-identity' increases with the excitation, i.e. with the principal quantum number n.
IV. ON GENERAL STRUCTURE OF THE BOUND STATE SPECTRA
The general structure of the bound state spectra in three-electron atoms and ions was considered in our earlier paper [12] . In this paper by using the energy values obtained in [12] for the Li atom and the Be + ion we have drawn the spectral diagrams of these species.
For this study we slightly improved numerical values of the total energies and draw the spectral diagrams for the doublet series of the Li atom and the Be + ion (see Figs. 1 and   2 ). In particular, the spectra of the Li atom is identical to the experimental spectra given in the classical book [13] . In this work we would like to continue our theoretical analysis of the bound state spectra in three-electron atoms and ions. The analysis of the bound state spectra in similar atomic systems is based on the use of fast-convergent variational expansions which provide high numerical accuracy not only for the ground and some lowlying rotationally excited states, but for all excited states in few-electron atom(s) and ions.
This expansion is the Hylleraas-configuration interaction (Hy-CI) wave function, proposed by Sims and Hagstrom [14, 15] , which we have used to determine the S−, P −, D−states of the C 3+ and F 6+ ions and the Configuration Interaction (CI) wave function with Slater orbitals and LS configurations for the states of higher symmetry F , G, H, I and K. Note that the Hy-CI is general for any symmetry. At the moment in our computer program the kinetic energy integrals are restricted to l = 3, work is in progress to generalize our code for l ≥ 3. Nevertheless, the CI wave function leads to very good results for states with quantum number L ≥ 3. The Hy-CI and CI wave functions can be summarized in the following expression:
N is the number of configurations Φ p , and C p a variational coefficient. All configurations are symmetry-adapted (this is expressed in the last equation with the operatorÔ(L 2 )). The operatorÂ is the antisymmetrization operator and χ is the spin eigenfunction:
The Hartree products are multiplied by up to one interelectronic coordinate r ij
where the choice ν = 0 corresponds to the CI wave function, while for ν = 1 we have the Hy-CI wave function. To calculate the bound (doublet) states in the C 3+ and F
6+
ions we have optimized the exponents of the wave function expansions for the Li and Be + atoms of Ref. [12] for the nuclear charges Z = 6 and Z = 9. In the Hy-CI calculations we have employed ≈ 1000 configurations, while in the CI calculations between 1000 and 1500
configurations. The construction of the configurations is described in [12] , as so as further details of the calculations. The obtained energies are listed in Table IV . For these ions, the literature is very scarce. Here we have tried to improve our earlier results for the bound states of the Li atom and Be + ion. However, for most of these states we could not obtain any noticeable/substantial improvement. With the data of Table IV we have drawn the spectral diagrams of these ions, see Figs. 3 and 4. We have scaled these diagrams taking for every one the ground state energy level as lowest point and the limit of inonization as highest point, and calculating the position of the states with respect to this interval. Therefore we can compare the relative position or contraction of the energy levels of every specie with respect to its ground state. Our theoretical distribution of energy levels agrees completely with the experimental results [16] . In addition we have determined in this work atomic levels which experimental values have not been yet reported, like states with L ≥ 4 in Li atom, L ≥ 6 of
As is well known from basics of atomic spectroscopy (see, e.g., [17] ) all three-electron atoms and ions are observed in the two series of states: (a) doublet states with S e = , where S e designates the total electron spin. The quartet states in these atomic systems are non-stable, i.e. they decay for relatively short times.
Thus, the only bound states which are observed in actual spectroscopy of three-electron atomic systems are the doublet states. Therefore, below in this Section we restrict ourselves to the consideration of the doublet (bound) states only. As mentioned in the Introduction the atomic Hamiltonian, Eq.(1), contains equal numbers of electron-nucleus and electronelectron terms. Indeed, in Eq.(1) one finds three terms which describe electron-nucleus attraction and three other terms which describe electron-electron repulsion. The first four terms in Eq.(1) represent the kinetic energy of the four particles (three electrons and one nucleus). This means that by varying the electric charge of the central nucleus Q we can study the role of electron-electron correlations in three-electron atomic systems. It is clear that by increasing Q we can reduce the overall role of electron-electron repulsions in threeelectron ions. There are three electron-nucleus terms and three electron-electron terms in the potential energy of the Hamiltonian, Eq.(1). This means that by varying Q we change relations between each electron-nucleus and electron-electron terms. On the other hand, an analogous relation between the total sum of the three electron-nucleus terms and the total sum of the three electron-electron terms changes in the same proportion.
The electronic structure of the ground (bound) doublet 2 2 S−state of the three-electron Li atom is 1s 2 2s 1 , while all excited states have a similar structure where the two electrons occupy the 1s 2 -electron shell (its excitation energy is extremely large), while the third electron can occupy any free electron orbital in the atom. Formally, we can say that the third electron is located in one of the nℓ-shells, where ℓ ≥ 0, n = k + ℓ + 1 and k ≥ 0 (all these numbers are integer). Possible excitations of the Li atom always mean the excitation of the third electron, which sometimes is considered as an 'optical' electron. Any excitation of the central electron 1 2 s-shell leads to the complete dissociation of the whole atom. In the lowest-order approximation we can say that the optical spectrum of the Li-atom is similar to the well known spectrum of the hydrogen atom. However, the actual similarities in optical spectra can be found only for highly excited bound states in the Li atom which are often called the Rydberg states.
As follows from the general theory of atomic spectra the total energies of weakly-bound Rydberg states in any neutral atom must be represented by a formula which is similar to the well known formula for the hydrogen-like atoms. Let us discuss such a formula in detail. First, note that the dissociation threshold for the neutral Li-atom corresponds to the formation of the two-electron Li + ion in its ground 1 1 S-state (singlet 
where L = ℓ (in this case), n is the principal quantum number of the nL state (L is the angular quantum number) of the Li atom, while ǫ ℓ and ∆ ℓ are the Rydberg corrections (∆ ℓ is also called the 'quantum defect') which explicitly depends upon ℓ (angular momentum of the outer most electron) and the total electron spin of this atomic state. It can be shown that both Rydberg corrections rapidly vanish when ℓ increases (for given n and L). Moreover, these two corrections also decrease when the principal quantum number n grows. The formula, Eq.(13), can be used to approximate the total energies of weakly-bound Rydberg states in the Li atom. In reality, by using a few accurate (or highly accurate) results from numerical calculations of some excited (bound) states in the Li atom one finds the approximate values for the ǫ ℓ and ∆ ℓ constants in Eq. (13) . Analogous formulas can be derived to describe the total energies of the excited bound states in three-electron ions, e.g., in the Be + , C 3+ and F 6+ ions. However, after neon the validity of the non-relativistic approximation for three-electron ions rapidly diminishes as the parameter Q in Eq. (1) continue to grow. In the lowest-order approximation the leading relativistic corrections can directly be introduced into Eq. (13), but in this paper we do not discuss this problem. Note only that the numerical values of the quantum defect ∆ ℓ are uniformly related to the short-range (or non-Coulomb) component of the phase shifts of elastic scattering of single-electron scattering by the two-electron positively charged ions [19] . This directly follows from the unitarity of the S−matrix (see, e.g., [20] , [21] ).
By using our computational results for the large number of bound states in the threeelectron Li atom and in analogous Be + , C 3+ and F 6+ ions (see Table IV ) we were able to draw the energy levels of all computed doublet (bound) states in these atomic systems as functions of angular momentum L of these states (see, Figs. 1 -4 [22] ) and the corresponding spectral diagrams are very simple and not informative.
Let us discuss the spectral diagrams of the three-electron atomic systems shown on Figs. 1 -4. As follows from these pictures the increase of the nuclear charge Q in these systems leads to the 'hydrogenization' of the optical spectrum along the line: Li → Be
The energy levels are re-grouping (when Q increases) into clusters which contain the energy levels with the same principal quantum number n. In other words, the differences between energies of levels with the same principal quantum number n become much smaller than analogous differences between two energy levels with different principal quantum numbers n and n ′ . As one can see from our pictures such a clusterization rule is applied even to the energy levels with n = 2 and n = 3. Based on this observation we can predict that in the limit Q → ∞ the bound state spectrum of three-electron ions looks like the bound state spectrum (or optical spectrum, for short) of a typical hydrogen-like ion in which, however, the ground state (or 1 2 S−state) is missing. Briefly, we can say that the 'optical' spectrum of the doublet bound states in three-electron ions converges (at Q → ∞) to the doublet spectrum of a hydrogen-like atomic system, where the ground 1 2 S−state is missing. This explains why the traditional classification scheme used for bound state spectra in atomic spectroscopy is correct. For all atoms from the second row the ground state(s) must have the fundamental quantum number n = 2 (not n = 1, or n = 3). It is clear that changes in the optical spectra of the three-electron atomic systems: Li, Be + , C 3+ and F 6+ are directly related with the Q−dependent balance between the electron-nucleus attractions and electron-electron repulsions. Another observation when comparing the spectral diagrams of the three-electron systems is the larger relative stabilization or contraction of the 2 2 P level when growing the nuclear charge, while other low-lying levels are only slightly contracted.
There are many other observations which follow from Figs. 1 -4 , which shall stimulate future research.
Similarity between spectra of bound doublet 2 S−states in different three-electron atomic systems can be seen from comparison of Figs.1 -4 with each other. However, if we compare the same spectra reduced to the unit scale, then the observed agreement improves drastically.
The procedure of reduction can be described as follows. First, for each three-electron atomic system with the nuclear charge Q one needs to know the corresponding threshold energy E tr . Usually, such an energy coincides with the total energy of the ground 1 1 S−state of the two-electron ion which is formed from the incident three-electron atomic system after single-electron ionization. Second, the total energy of the ground 2 2 S−state E gr must be determined (i.e. measured and/or calculated) to the maximal numerical accuracy. The total energies of other bound doublet states are recalculated with the use of the formula:
. Finally, we have the new 'energy' spectrumẼ n . All eigenvalues from this spectrum are bounded between 0 and 1. Furthermore, there is only one limiting point for the spectrum of bound statesẼ n and it coincides with 0 (or E tr in the original units).
Briefly, we can say that all bound statesẼ n can converge only to this 'limiting' point. Since the threshold state is an actual state of any three-electron atomic system then the wave functions of bound states do not form a complete system of functions (for more detail, see, e.g., [22] ). The energy spectraẼ n of different three-electron atoms and ions (doublet states) once reduced to the same energy scale can be compared with each other directly.
V. CONCLUSION
We have considered bound state spectra and properties of the doublet states in threeelectron atomic systems. In this study we applied three different variational expansions for the bound state wave functions: (a) semi-exponential expansion in the relative coordinates, 
and
K(L = 7)−states. Accurate results for highly excited rotational states have been determined in this study for the first time. The coincidence of our theoretically predicted spectrum (or computational spectrum) with the known optical spectrum of the three-electron Li atom is absolute [13] , [16] since we correctly predicted the actual order of different energy levels (or bound states) in this spectrum and evaluated the energy distances between different levels (to very good numerical accuracy).
Our main goal in this study was to consider the bound state spectra and properties of the doublet states in three-electron atomic systems: Li atom, Be + , C 3+ and F + ions.
The general structure of the bound state spectra in these three-electron atomic systems has been determined from the results of accurate numerical computations performed with the use of the Hy-CI and CI variational expansions. By varying the nuclear electric charge Q we investigated changes in the bound state spectra of such systems. The overall and partial contributions of the electron-electron correlations in the total energies of bound (doublet) states have been evaluated to high numerical accuracy. Formally, it is the first theoretical study in which a large number of bound states in a few three-electron atoms/ions are determined in highly accurate computations. In contrast with many modern studies we considered not one, or two bound states in three-electron atoms/ions, but essentially a whole 412669 . . . a.u. coincides with the total energy of the ground 1 1 S state of the two-electron Li + ion. . . . a.u. coincides with the total energy of the ground 1 1 S state of the two-electron Be 2+ ion. . . . a.u. coincides with the total energy of the ground 1 1 S state of the two-electron C 4+ ion. The expected value of the electron-nucleus cusp ν eN for these atomic systems are -3.0, -4.0 and -5.0, respectively. The expected value of the electron-electron cusp equals 0.5 for all systems. 
